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1. Introduction

Model estimation is often perturbed by the presence of nuisance parameters stem-
ming from endogeneity and other econometric problems. The econometricians
generally deal with these difficulties by conducting the estimation in two stages.
In the &rst step, they generate predictions of the nuisance parameters by using
ancillary models that are estimated from the data. Then, they conduct the es-
timation of interest by replacing the nuisance parameters with their predictions
and correcting the covariance matrix of the estimated parameters. The use of
2SLS to treat the endogeneity of some independent variables in a linear model is
the most common example of this approach.

Unfortunately, two stage estimation methods often yield inaccurate estimates
of the parameters of interest because of the information loss caused by mediocre
instrumental variables. This problem can be alleviated by increasing the number
and the quality of the instrumental variables used in the predictive equations,
although this is not always possible. In this paper, we explore an alternative way
of increasing accuracy that is to adjust the de&nition of the dependent variable by
choosing different values for a weighting coefficient q. This method will naturally
be fruitful only in some cases. However, successful results in studied cases would
encourage similar investigations for more general speci&cations.

In the case of the two-stage least-squares estimator B(Y), for the linear model

Y = X[ + u where u is a vector of error terms and (3 is the parameter to



estimate, it is easy to verify that using for the dependent variable y; or qy; +
(1-— q)Xt’[i(y), where g # 0 and X] is the row vector of independent variables,

delivers identical estimators!

. Similarly, for a consistent (respectively unbiased,
respectively asymptotically normal) estimator B(Y) we have /@(qY +(1-q) XBryy) =
(X'PzX)"1X'Py(qY + (1 — @)X Bryy) = aBeyy + (1 — ¢)B(y), which is another
consistent (respectively unbiased, respectively asymptotically normal) estimator
of 3.

Clearly, this favourable situation is caused by the linearity of the 2SLS estima-
tor with respect to Y. For some nonlinear two-stage estimator 3 with a &rst-stage
estimator of the reduced form, such as the LAD estimator (Amemiya, 1982, Pow-
ell, 1983), or quantile regressions (Kim and Muller, 2001), the properties obtained
by using qY + (1 — ¢)X B as a dependent variable have been studied. In general,
the choice of ¢ matters for the estimation and we shall show that optimal choices
of ¢ can be exhibited.

The estimation in two stages, in particular when using instrumental vari-
ables, has been analysed for many M-estimators®>. Most of these methods can
be interpreted as a two-stage implementation of M-estimators (Two-Stage M-

Estimators), &st for the ancillary model, then for the model of interest. The aim

of this paper is to explore the reformulation of the dependent variable in the case

'Indeed, if Z is the matrix of instrumental variables, Y is the vector of the dependent
variable and X is the matrix of independent variables, we have 3 = (X'PzX) ' X'PzY

xivhere Pz = Z(Z'Z)"'Z', and B(qym_q)xfj(y)) = (X'PzX)"'X'Ps(qY + (1 — 9)XBy)) =
Byy-

“For example, Malinvaud (1970), Heckman (1976), Amemiya(1985), Krasker and
Welsch (1985), Newey (1985, 89, 94), Krasker (1986), Pagan (1986), Duncan (1987).



of Two-Stage M-Estimators (25M(q)) as a device to increase the accuracy of the
estimators. Our contribution is not only to derive the conditions for consistency
and asymptotic normality of the two-stage estimator with composite dependent
variable, but also to derive the optimal ¢* that minimises the asymptotic variance
of the estimator of the parameter of interest.

Because our intention in this paper is to explore a new direction of research,
we shall focus on the sensitivity of the two-stage estimator accuracy with respect
to g. We leave to future work the theoretical analysis of the consequences of the
imprecise estimation of the optimal value for q. However, we provide simulation
results showing that much accuracy can often be gained by estimating the optimal
q¢* and using this estimate in the two stage estimation.

To make our method easier to grasp, we develop the examples of the Double-
Stage Huber estimator and of the Two-Stage Quantile Regression when the &rst
stage is the LS estimator. The favourable results obtained in the simulations
should contribute to convince some readers to use our method or to adapt it to
other problems.

In Section 2, we dedme the model and the estimation method. We derive in
Section 3 the asymptotic representation of the 2SM(q) estimator. In Section 4 we
analyse the asymptotic normality and we discuss the estimation of the asymptotic
covariance matrix. Some Monte Carlo simulation experiments are presented in

Section 5 . Finally, Section 6 concludes.



2. The Model

We start with a general setting for 2SM(q) estimators. Further on we shall
develop a few examples. Let us suppose that we are interested in the structural
parameter (ag) of an equation given in the following matrix form for a sample of

T observations:

y = Yy +Xi18,+u (2.1)

= Zoag+u

where [y,Y]is a T x (G+1) matrix of endogenous variables, X is a T'x Kj matrix
of exogenous variables, Z = [Y, X1], af = [7}, 3;], and w is a T' x 1 vector. We
denote by X2 the matrix of Ks(= K — K7) exogenous variables that are absent

from the equation. Let us assume that Y admits a reduced-form representation:

Y = XTIy +V (2.2)

where X = [X1,X5] is a T x K matrix,® Ilg is a K x G matrix of unknown
parameters and V is a T' X G matrix of unknown error terms. We now specify

the data generating process.

Assumption 1. The sequence {(u¢, V4)} is independent and identically dis-

3In this paper to simplify the presentation, X is assumed to be &xed. It is possible
to extend the results to the case of X random as in Kim and Muller (2001) for the
Two-Stage Quantile Regression.



tributed where u; and Vi are the t'" elements in u and V respectively.

Then, from egs. 2.1 and 2.2, y has also a reduced-form representation:

y=Xmo+v (2.3)

Ik
where g = |1, ' ap = H(Ilp)ap and v = u + V. Equations 2.2

0

and 2.3 are used for a &rst-stage estimation that yields some estimators 7, II
respectively of mg, IIp. We start with &rst-stage estimators converging to the

value of interest, as shows the next assumption.
Assumption 2. TY2(#t — 1) = Op(1) and TY?(T1 - Tly) = Op(1).

The Two-Stage M-estimator (2SM(q)) & of ay is the solution to the following

minimisation programme:

T

t=1

where p is a real-valued non-constant function, y; and X/ are the ¢'* elements in
y and X respectively, §; = Xj& and X, = X/H(II). The combination weight q is

a non-zero constant that will be used to reduce the variance of the estimator of

The 2SM(q) estimator can be alternatively de&mned as a solution to the | pseudo-



likelihood equations!:
T A A~
L(a) =T7? > HAD' X (qye + (1 — q)fe — X{a) =0 (2.4)
=1

where 1) is a real-valued non-constant function. If p is strictly quasi-convex and
1 = p', these ded&mitions are equivalent. In general, ¢ does not need to be a
derivative of some function. Because of its generality, we will use the second
de&mnition of the 2SM(q) estimator.

Let us now consider a few examples of M-estimators:
(1) The least square estimator is such that p(z) = 322 and ¥(z) = 2. Here, when
g =1, the 2SM(q) is the 2SLS estimator for which the &rst stage is implemented
by using ordinary least squares with a set of instruments.
(2) The least absolute deviation estimator corresponds to p(z) = %]2] and ¢¥(z) =
(3 = Lpp<o))-
(3) The quantile estimator is associated with p(z) = 2(6 — 1j,<¢)) and ¥(2) =
0 — 1j<q- In our simulation study, we shall use the case of Two-Stage Quantile
estimator when the &rst stage is the LS estimator (LSQR(6,q)).
(4) The Huber estimator! is de&ned by p(z) = 3221, 1<k + (klz| — $5%) 12154
and Y(z) = 21|/« + Qk(% — 11z<0))1{jz|>k]- We shall emphasize the case of the
Double Huber Estimator (DH(k, q)), where the &st and second stages are com-

posed of the same Huber estimator, thereby ensuring the robustness of the global

*See Huber (1964, 1981).



estimation.
In the next section, we discuss the asymptotic representation of the 2SM(q)
estimator & We shall show that the following conditions are sufficient for the

asymptotic representation.

Assumption 3. (i) T 'YL, X; X! — Q where Q is Enite and positive-dehite.

(ii) H(Ip) is of full column rank.

(iii) v has a density f. The cumulative density is denoted as F.

(iv) E(¥(v:)) = 0.

Assumptions 3(i)-3(ii) are standard. For least-square estimators or quantile
regressions, Assumption 3(iv) is satiséed as soon as there is an intercept term in
the linear model. In these cases, this condition ensures that the intercept term
can be easily calculated and is innocuous. Because this condition will be imposed
later on Vj; for j = 1,...,G, we need to examine it closely. Under regularity
conditions, the sample roots of eq. 2.4 converge to their population analogues
and are therefore consistent in that sense. However, these population analogues
may have different meanings for different in! uence functions. If the in! uence
function admits 3 (iv)* below, then in the cases of interest the meanings of the

coefficients in all the variants are the same, except for the intercept.

Assumption 3 (iv)*. E(¢(v; — ¢)) = 0 admits a solution in c.



Assumption 3 (iv)* can be satis&ed if the three following conditions are met:
() v is monotonic, which is the case for many M-estimators, (i) ¥ (v — ¢) takes
at least one negative and one positive value on the support of v; and (7i7) between
these two points the density of v; does not cancel. This result can be derived
from the mean value theorem.

Unfortunately, in general cases nothing ensures that Assumption 3 (iv)* is
satis&ed. This may happen because of the non-monotonicity of v, for example
with asymptotic least square estimators, or because of the discontinuity of the
support of v, for example when two separate and concentrated populations are
mixed, or &nally from the use of an in! uence function of constant sign. Then,
we need to impose it in Assumption 3(iv)* that restricts the scope of 2SM(q)
estimators under consideration. In that case, incorporating an intercept in the
model makes it satisfy Assumption 3(iv). To be able to derive our asymptotic re-
sults, we further restrict the set of in! uence functions by adding the two following

assumptions.

Assumption 4. (i) The function v is of bounded variations in every interval,

i.e., it can be written as

=9t~y



where ¥* is monotone and further

as h — 0 and

1 o0
sup g { [ @5t g ) @ a) f@de s o] S il < e < o0

for some € > 0.

(i) The function 1 is such that E((qut)) = 0 for the considered q.

Assumption 4(i) has been used in Bickel (1975) and, in many cases, Assumption
4(ii) is implied by Assumption 3 (iv). For example, Assumption 4(ii) is ful&dled
for LS estimators and quantile regression estimators. It ensures that the trans-
formation of the dependent variable does not perturb the scale of the parameter
to estimate. Moreover, Assumption 4(ii) is satis&ed for any arbitrary ¢ when the
in! uence function ¢ is separable, that is: VA # 0 and x, ¥(Az) = K(A\)y(z) for
some function K. LS estimators and quantile regression estimators satisfy the
above separability condition. The in! uence function of the Huber estimator does

not satisfy the separability condition, but satisées it for any symmetric density.



3. The Asymptotic Representation

The &xst step of the analysis is the derivation of an asymptotic representation of
the 2SM(q) as an intermediate result from which we shall derive the asymptotic
normality and the asymptotic variance of our estimator. We particularly need the
formula of the asymptotic variance of the estimator of the parameter of interest
to be able to reduce this variance by selecting a value for q.

The function G4(z) = E [¢)(qu + 2)] is crucial in the derivation of the asymp-
totic representation because the equation G4(0) = 0 statistically de&mes the true
structural parameter ag. We need that it satis€es the following regularity as-

sumption for the next propositions.

Assumption 5. For any q # 0, G4(z) is differentiable with respect to z in R :

9q(2) = Gi(2). It is also assumed that g4(0) # 0 and g, is continuous at z = 0.

Proposition 1. Suppose that Assumptions 1-5 hold. Then, the 2SM(q) estima-

tor & has the asymptotic representation

T
TV & —a0) = QZH(Mo){T™/?Y Xigy(0)™"v(ve)
t=1

+(1 = )QT"2(7 — mo) — QT/2(I1 — Tlo) v} + 0p(1).
All the technical proofs are collected in Appendix B. The asymptotic repre-

10



sentation shows that the asymptotic distribution of the second stage estimator
TY 2(& — ap) depends on the asymptotic distribution of the &rst stage estima-
tors TV/2(# — mg) and TV/2(II — lo)yo. Naturally, for ¢ = 1, the in! uence of
7 disappears. The asymptotic representation of the 2SM(q) estimator is com-
posed of three additive terms. The &rst term does not perturb consistency under
Assumption 3(iv) and represents the contribution of the second stage to the uncer-
tainty of the estimator. The second and third terms represent the contributions
of respectively 7 and II to the uncertainty of the estimator.

The asymptotic representation can be extended to the more general case where
the &rst step estimators 7 and IT converge towards inappropriate values. For this
purpose we dedne the following assumption.

Assumption 2. There exist |B;| < 0o and |Br| < oo such that TY?(7 — 1o —

By) = 0,(1) and TY?*(T1 — Ty — Byy) = Op(1).

Using Assumption 2/, we obtain the following asymptotic representation with a

possible bias B.
Proposition 2. Suppose that Assumptions 1, 2/, 3-5 hold. Then, the 2SM(q)

estimator & has the asymptotic representation

T
TV2(&—ag—Ba) = R{T YD X1g4(0) "(vy)
t=1

+(1 - q)QT?(# — mo — By)

11



—QT"*>(T1 — Ty — Brr)vo} + 0p(1)

where By, = RQ{(1 — q¢)Br — Buvy}, R = sz’lH(H(’;)’,

¥, = H(IT;)'QH(IL) and IT§ = o+ Br.

Ezample 1. DH(k,q): In that case, g4(0) = F(kq™') — F(—kq™!) where F is
the cdf of v;. Because the same estimators are used with the same k for the &rst
and the second stages, and since the distribution of v; is symmetric, we have here
B; =0 and By = 0.

Ezample 2. LSQR(0,q) : Here, g,(0) = ¢f(0)~! where f is the pdf of v;.

B = [E(VA),0,...,0){ g and Br = [E(u), 0., 0], 1)

4. Asymptotic Normality and Covariance Matrix

4.1. With First Step Estimators Converging Towards Parameters of

Interest

To obtain the asymptotic representations of the 2SM(q) estimator & in Section 3,
it was sufficient to impose Assumption 2 or 2’ regarding the preliminary estimators
# and II. We now derive the &rst stage estimation procedure so as to explicitly
derive the asymptotic representations of T2(# — mg) and T2(IT — IIy), which
are to be substituted into the asymptotic representation of 71/ (& — ). From

now, we restrict our attention to the class of M-estimators in the &rst stage. The

12



&rst-step estimators,  and ﬂ, are de&ned as follows:
T
T2 Xt (e — X{7) = 0
t=1

T
T 23" Xy, (Ve — X{105) = 0
t=1

for j = 1,2,...,G where Y; = (Yj1,..., Yjr)" is the j'* column in Y, f[j is the jt"
column in IT and U, ¥y, are the in! uence functions of the &st-step estimators.
Note that the in! uence functions v, 1/’11]- in the &rst step are not necessarily the
same as the one 1 used in the second step. However, they are characterised by
the following assumptions, similar to the ones stated for 1) and that we use for

deriving the asymptotic representations of the &rst stage estimators of Lemma 1.

Assumption 6. (i) Vj; has a differentiable density h; for j =1,2,...,G. The
cumulative density of Vj; is denoted as Hj.
(i) E(r(ve)) =0 and E(py, (Vi) =0 for j=1,2,...,G.
(iii) The in!uence functions Y, ¢y, (j = 1,2,...,G) satisfy the conditions in
Assumption 4(i).

(iv) Gr(z) = E[{z(vt + 2)] is differentiable with respect to z in R : gr(z) =
G(2) (i) Gu,;(2) = E [¢Hj(v}t + z)} is differentiable with respect to z in R :
g, (2) = G’Hj(z) for 5 =1,2,..,G. It is also assumed that (i) g-(0) # 0 and

g11,(0) # 0 (i) gz and gn, are continuous at z =0 for j=1,2,...,G.

Lemma 1. The asymptotic representation of the &rst-step estimators

13



Suppose that Assumptions 1-3 and 6 hold. Then,

T
T2 (% —mo) = Q7' T2 Y Xiga (0) ™" (v0) + 0p(1). (4.1)
t=1

T
TV2(T; - Tlgy) = QT 23" Xogn, (0)*1¢Hj (Vjt) + 0p(1).
t=1

Lemma 1 is a straightforward consequence of Proposition 1. We now show the
asymptotic normality of the 2SM(q). For this purpose, we apply the Liapounov!s

CLT, for which we need the following additional assumption.

Assumption 7. (i) There exists a positive constant A such that || X|| < A < oo

for all t.

2+6

(ii) There exist positive constants 6 and A such that 0 < En|”"° < A < o0

where 1, = gq(0) 1 (v) + (1 = q)gr(0) "1 (vr) — &, and

& = 9n, (00, (Vid), - 9116/ (0) ", (Ve Y0

Proposition 3. Suppose that Assumptions 1-7 hold. Then,
TV (& — ag) > N(0,03Qz)

where 03 = E(n?).

Note that the term 03 in the asymptotic covariance of the 25M(q) estimator

is a function of q. Thus, a researcher may choose some value for ¢ based on his

14



own subject prior or experience. She can also minimise 03 with respect to ¢ and

use the optimal value in the estimation.

Ezample 1. DH(k, q): Here, ¢, = vy, = . Then, gr(0) = F(k) — F(—k) and

g1, (0) = Hj(k) — H;j(—k), where Hj is the cdf of Vj.

4.2. With First Step Estimators Converging towards Inappropriate Val-

ues

Assumption 6 (ii) has been used to obtain the consistency of the 2SM(q) estimator
towards the values of interest. Depending on the type of data to be studied
and the type of estimation method to be used, Assumption 6 (ii) might be too
restrictive.  Clearly, the consistency will be obtained as long as the &rst stage
predictors are consistent for E(Y) and E(y). In this subsection we investigate
the possibility of relaxing Assumption 6 (ii) by allowing &rst-stage estimators
converging towards inappropriate values of the parameters. This type of situation
may occur when the choices of the &rst stage and second stage estimators are done
separately.

To simplify the analysis, we rewrite eq. 2.1 so as to put the constant term in

&rst position. This yields

y = X180+ Yy+u

= Zog+u

15



with a new ordering for the components of Z and «g. Then, the matrix H (IIy)

is now equal to

Ik,
H(Ho) = HO

0

We need the following assumption similar to the one discussed in Section 2.

Assumption 6. (ii)’ The equations E(¢r(vi—c)) =0 and E(¢y, (Vi —c¢;)) =0

admit a solution for ¢ and c; for j =1,2,...,G.

If we consider a situation where E(¢r(v)) = p # 0 and E(¢y, (Vi) =
p; # 0, for j = 1,2,...,G, then, a solution for ¢ and ¢; can be obtained as a
function of p, F, p; and Hj. For example, with the in! uence function for quantile
regressions, it can be shown that ¢ = F~1(u + F(0)) and ¢; = ijl(uj + H,;(0)).
Let ¢ = ¢*(u, F) and ¢; = cj(u;, Hj) be the solutions as in Assumption 6 (ii)'.

First, we dedme Vi* = V; — C where C = (cy,...,cq) and vf = v — ¢ . Then,

the reduced forms for Y; and y in (2.2) and (2.3) can be expressed as

Y, = X105 + V7 (4.2)

where Hfﬁ = Ilp+ B and B = [0/707 "'70}/(K><G)

yr = Xy + v (4.3)

16



where 7y = mo+ By and By = [0707'"70],(Kx1)' By construction, E(y(V};)) =
E(¥(vf)) = 0. Let II and 7 be M-estimators based on eqs. 4.2 and 4.3 and let
& be a 2SM(q) estimator based on the M-estimators I and 7 in the &st step.
Then, the asymptotic representation for the 2SM(q) estimator based on II and 7
is given by Proposition 2 where (II, #) is substituted with (II, 7). The asymptotic

normality of & — ag — B, can be easily derived from this result, provided that the

following assumptions are satis&ed.

Assumption 7. (ii)’ There exist positive constants § and A such that 0 <
B[ < A < oo where n = gy(0)" 1 (ve) + (1 = a)gx(0) 0 (vf) = & and

&= [gnl (0) " o, (V1) - > gm1g (0) ™Mby, (Vét)] Yo-

Then, we have the following asymptotic normality for the 2SM(q) estimator.

Proposition 4. Suppose that Assumptions 1, 2, 3-5, 6(i), (i), (iii), (iv) and 7(i), (i1
hold. Then,

TY%(& — ag — Ba) % N(0,03Q:5")

where 03 = E(n;?), Ba = Q37 'H(IT)'Q{(1 — q)Bx — By, } which affects only

the intercept coefficient, Q%, = H(II})'QH (II§)) and IT§ = Ilp+ Br.

The proof is similar to the one for Proposition 3. Hence, it is omitted. Since

the asymptotic bias affects the intercept coefficient only, it may be useful to

17



separately investigate the asymptotic properties of the slope coefficient. This is

done in the appendix.

Ezample 1. LSQR(0,q) : Here, ¥, (2) = ¢ (2) = 2.

J

Then, g(0) = g1, (0) = 1, 5 = qf(0) ¢ (ve) +us—q(vs— E(vy)) and 0 = E(n;)*.

5. Monte Carlo Simulations

In order to illustrate the impact of the choice of ¢ for the accuracy of the 2SM(q),
we conduct a few simulation experiments. We &rst consider cases where the M-
estimators for the &rst and second stages are the same: least squares (DLS(q)),
least absolute deviations (DLAD(q)), quantile (DQ(,q)) and Huber (DH(k,q))
estimators. When the regression model is correctly specied, each estimator nor-
malised by T7/2 and centred to the true value of the parameters follows asymp-
totically a normal distribution with asymptotic covariance of the form 03QZ. .
The covariance matrices of the estimators differ only by the scalar term o3. The
efficiency of each estimator depends on the distributions of v, u; and Vj;, and
on the shapes of the in! uence functions 1,1, and wnj- The optimal ¢ is not
determined for DLAD(q) or DQ(6,q) since 03 does not depend on ¢ for those
estimators under perfect identi&cation. For DLS(q), ¢* = 1 + E(ut,v;)/E(v?)
and for DH(k, q),q* = E(i#;)/E(9?) and ¢* # 0 where @ = ¢(0) "'t (v;) and
e = {g4(0)7" + g-(0) "} (ve) — &

We examine the performance of DLS(q) and DH(5,¢) in terms of the value of

03(q) obtained for a range of values of q. We choose the value of 7, equal to 1 and

18



we only introduce one endogenous independent variable. The error terms v; and
V; are chosen to follow &rst a bivariate normal law for a &rst set of simulations,
then a bivariate Student law ¢(5). Each set of simulations is performed for the
following values of variances and correlations of the two error terms: o,, = 1,5;
oy, = 1,5; corr(vg, V) = —0.5,0,0.5. Other values for these parameters have
been tried and yield qualitatively similar results. The number of replication for
each simulation is 5,000.

The curves of 03(q) presented in Figure 1 summarise the results of the simula-
tions. Clearly, the choice of parameter ¢ is crucial and can considerably improve
or degrade the accuracy of the estimation. Almost always, the usual value ¢ = 1
appears a severely suboptimal choice. Interestingly, cases where a negative value
of g should be chosen appears to be quite possible as shown in some of the 03 (q) for
DLS(q)?. It is the case for DLS(q) in all situations when the errors are negatively
correlated. By contrast, with Gaussian errors, DH(5,q) corrresponds to values of
q* well above 1, more so when error terms v; and V; are negatively correlated,
than for positive correlations. Although the slope of the curve 03(q) is not very
sensitive to the chosen distribution (Gaussian or Student—t), the level of 03(q)
is generally higher for Student errors. The correlation between the two errors
strongly affects the value of ¢*. The more positive the correlation, the smaller

q* for DH(5, q), but the larger ¢* for DLS(gq). Increasing oy, (respectively oy,)

"Note that ¢,, = 5, ov, = 1, corr(vs, Vi) = 0.5, the optimal choice ¢* is actually close to
0.1 and quite apart from O.

19



makes the role of the correlation less strong (respectively stronger) for DH(5, q),
while the converse phenomenon appears with DLS(g). Naturally, large o,, or
large oy, can dammage the accuracy of the 2SM(q*) estimation.

The graphs in Figure 1 show how much we can reduce the asymptotic variance
of 2SM(q) estimators if we knew the optimal ¢q. In practice, the optimal ¢ is not
known. Because ¢* is always expressed in terms of population expectations,
it can be consistently estimated by using empirical means at the place of their
expectations. Thus, a consistent estimator for the optimal value of the DLS(q)

estimator is given by
T & ~
D t=1 Ol
T 52
> i=17

qrs =1+
where 9; and u; are respectively the residuals from the structural and reduced-
form regressions. Similarly, a consistent estimator for the optimal value for the
DH(k, q) estimator is obtained by

D Sy 7t

qH = ——7
> i=1 Ut2

where 7 = gr(0) " 46(i1), s = {34(0) " + 3x(0) " }i(ir) — &, and

& = [9m,(0) " "(Vie), -, G116 (0) 10 (Viar)lyo- - Here, §4(0), 6 (0) and g, (0)
can be based on a kernel density estimation method. Consistent estimators for
q* for any general 2SM(q) estimator can be obtained in the same way. If a

researcher has no prior information about the optimal combination weight g*,

then these consistent data-dependent choices can be used. This procedure not

20



only removes the problem of an arbitrary choice of ¢ but also provides a basis
for obtaining a consistent covariance matrix with maximum efficiency in large
samples.

However, it is unclear what is the impact on the global estimation of the inac-
curacy in the estimation of q, especially for &nite samples. We now examine this
question by focusing on the LSQR(#, q) estimator. Here, the values of the param-
eters are vy = 0.5, 8y9 = 1, 891 = 0.2. We do not comment the estimator of the
intercept coefficient that is asymptotically biased and not very interesting. The
small sample bias and the accuracy of the estimators of the two other parameters
elicit the same type of properties across the simulation trials, and we discuss them
together. Our main interest is to compare the cases ¢ = 1 and ¢ = § (estimated
from the data). The case ¢ = 1 is the benchmark case since it corresponds to the

T
T2 ’V(f]t% > ﬁs)atw - Zj[f(o )" e (1)

t=1 s=1 - iS

usual estimation procedures. Here, § = - -

1 1

T E )™M (80)—(Be—7 3 B
p e

s=1
estimated from the residuals obtained from a hmmary LSQR(#,1) estimation

of the model and where f(0) is the kernel estimator based on the residuals ©;.
Three distributions have been used: N(0,1),%(3), LN(0,1), with 1000 replications
for each simulation set. The correlation of V; and v; is &xed at 0.2.

The chosen values of 8 are: 0.05, 0.25, 0.5, 0.75 and 0.95, so as to distinguish
extreme and central quantiles. Finally, &ve sample sizes have been tried: 50, 100,
300, 500 and 1000. In some cases, the results for 50 and 100 observations yield too

inaccurate estimates to consider them well adapted to many empirical purposes.
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In these cases, the comparison of LSQR(#,1) and LSQR(#, §) makes little sense
and we focus on the cases of 300 and 500 observations in our comment. Table 1
shows the results corresponding to 100, 300 and 500 observations.

With normal and Student errors, using 300 observations yields relatively ac-
curate estimates for v, and (3y;, which are our parameters of interest. In general
LSQR(#,§) is more concentrated and less biased than LSQR(6,1): LSQR(6,q)
clearly dominates LSQR(6,1). Estimated ¢ are small for normal errors (between
-0.05 and 0.08), but not necessarily for Student errors (between 0.04 and 0.65).
They are nonetheless always very different from 1. Using 500 and 1000 obser-
vations increases the advantage of using §over using ¢ = 1. In contrast, with
lognormal errors even a sample size of 300 is not enough to obtain high quality
estimates with any method. Moreover, in that case LSQR(6,¢) and LSQR(6,1)
cannot be clearly ranked in terms of their accuracy and their small sample bias.
This is partly due to the fact that for small or average quantiles (0 < 0.5), ¢
is close to 1 and both estimators are close. With 500 and 1000 observations,
this ambiguity disappears and LSQR(,§) again dominates LSQR(6,q) for all
quantiles, much more when ¢ is far from 1.

Figure 2 shows the empirical distribution of the ¢ for the 3 distributions and
the 5 quantiles in the case of 300 observations. In all cases the density estimates
are remarkably symmetric and well concentrated. They suggest that the estimates
of ¢ are satisfactory for our purpose in the studied cases and clearly apart from

1. With normal errors, ¢ is close to zero, while the general estimation results
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are not very sensitive to the value of ¢ chosen close to zero. With Student and
Lognormal errors § is also close to zero for extreme quantiles.

On the whole, the studied simulation results are encouraging in that a pre-
liminary estimation of ¢ enables us to increase the accuracy of the estimation,
sometimes substantially, as soon as the sample size is sufficient to produce es-
timates accurate enough to be useful. However, when the sample is too small
to produce accurate estimates with ¢ = 1, using ¢ = ¢ instead does not help to

increase the accuracy of the estimation and may even reduce it.

6. Conclusion

We consider in this article Two-Stage M-estimators where the dependent variable
in the second stage is of the composite form qy, + (1—q) X.3 with 3 the &rst stage
estimator, ¢ # 0, and X; the vector of independent variables in the &rst stage.
The case ¢ = 1 is the usual one for the two-stage estimators in the literature. This
approach is useful because an appropriate choice of ¢ may improve the accuracy of
the estimation. To explore this question, we derive the formula of the asymptotic
covariance matrix for the parameters of interest, which depends on ¢. Then, it is
possible to select an optimal value ¢* that minimises this covariance matrix.

We distinguish the &rst-step estimators that converge towards inappropriate
values of the parameters. This distinction is necessary if one wish freely choose
the estimation method used in the &rst step. In that case, we show that the

intercept coefficient of the model of interest can be asymptotically biased and we
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give the formula of this bias. However, we also show that the slope coefficients
are unbiased. Again, the value of ¢ matters for the accuracy.

Finally, Monte Carlo simulation results show that the selection of ¢ has gen-
erally a dramatic impact on the accuracy of the 2SM(q) estimator even for &nite
samples. Moreover, in these results a preliminary estimation of ¢ improves the
accuracy of the estimation, provided that the sample size is sufficient to produce
estimates accurate enough to be useful.

All these results suggest that the reformulation of the dependent variable by
combining it with a preliminary prediction is a fertile approach to variance reduc-
tion. Then, more general functional forms and procedures than what has been
explored in this paper could be investigated to generate other variance reduction

methods.
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1 Appendix A: Properties of the slope coefficient

We &st decompose I = [ g(l) ] where ﬁ(l) is the &rst 1 x G row and
2

1:[(2) is the remaining (K — 1) x G matrix and 7 = { ;8 } where 7 (1) is the
&xst element and 7 () is the remaining (K —1) x 1 vector. Hence, 1:[(2) and

Q1 }
) B Q2
where @1 is the &st 1 x K row and ()2 is the remaining (K —1) x K matrix.
Then, it is straightforward to see that

T(2) contain only the slope coefficients. We also decompose Q' = [

T
T2 (o) — Mjoe) = Q2T Xign, (0) ™ b, (Vi) + 0p(1) (1)
t=1

T
T2 (o) — mo) = QT * Xigr(0) ' (v]) +0p(1)  (2)
t=1

where Ilj(3) and my(g) are the corresponding slope components of Iy and mg
respectively.
()

We decompose & = [
a(2)

} where @ 1) is the &rst element and d g is

the remaining (K7 + G — 1) x 1 vector and ag = [ Zo(l) likewise. Using
0(2)
egs. 1, 2 and the asymptotic representation in Proposition 2, the following

lemma can be easily proved.

Lemma 2: Suppose that the same assumptions as in Proposition 4 ex-
cept 7 (i1) hold.  Then, T1/2(&(2) — qq)) = RyT- Y2 Xyt 4 0p(1)
where Ry is the last (K1 + G — 1) rows in R,nf = gq(0) " (ve) + (1 —
0)9x(0) 10 (v}) =€ and & = |gy, (0) 10, (V72); - 91 (0) 1oon (Vi) | %o
From this lemma, the asymptotic normality of the slope coeflicients is easily
derived.

Proposition 5: Suppose that the same assumptions as in Proposition 4

hold. Then,
TY2(G) — ag) 4 N (0,03 R2QRY)

where 03 = E(n}?).

Proof of Lemma 2: First, note that the representation in (1) can be used
to show that

T
TI/Q(H(Q) —Tg2))70 = Qo112 ZX::G‘ +0p(1) 3)
=1



where £ is given in Assumption 7 (ii)’.
Next, we decompose the matrix @) in the same way: @ = [ Q1 Q2 ] where
Q@1 is a K x 1 matrix and @2 is a K x (K — 1) matrix. Then, as discussed

in Kim and Muller (2001), one can show that RQ = L 1 . Hence,
0 RoQo
we have By = [ Cg } where ¢q = (1 — g)c — Cq. Using these results, the

representation from Proposition 2 can be decomposed as follows.

[ T'V2(& 1y — apry — Ca) ] _ RiT—2 3 X1g4(0)~ 4b(vy)
TV2(6a) — ag(2)) RoT Y2370 Xugg(0)~ e (ve)
1 RiQ2 TY2(# (1) — mo(1) — ©) ]
1—
- [ 0 RyQ: ] -9 - TYA(R) — o)
1 RiQ2 ] [ Tl/2(H(1) =Ty = C)o ]
— 4+ 0,(1),
{ 0 RxQ2 T2 (o) — oe2) )70 o)
from which we extract the only slope estimator & (). The asymptotic

representation for the slope estimator together with (2) and (3) delivers the
desired result. QFED.

2 Appendix B: Proofs of the Propositions

Proof of Proposition 1:

We consider the following data generating process that is deduced from
eq. 2.3:

~

gt:X,t oo+ Et (4)

where QDtE qy: + (1 — q)g:. A simple algebra shows that €;= qu;. Under
Assumption 4(ii), we have E(¢(&)) = 0.

The M-estimation of g cannot be obtained from eq. 4 because both the
dependent and independent variables include unknown auxiliary parameters
(mo,1Ip). Nevertheless, we shall show that most asymptotic results for the
M-estimator can be derived with slight modi&cations when replacing mq, g
with consistent and asymptotically normal estimators 7, 11. Eq. 4 allows
the direct application of Bickells (1975) results from which we derive the
asymptotic representation of the 2SM(q). Indeed, all the conditions for
Lemma 4.1 in Bickel (1975) are satis&ed: (i) €, is i.i.d. (by Assumption 1),

i) 71T Xy X'i— Q.. = H(Iy)QH(Ily) (by Assumption 3(ii)) and
Q.. is positive-de&mite (by Assumptions 3(i)-(ii)), (iii) max =12 Xk

| — 0 (as a consequence of Assumption 3(i)), (iv) ¢ satis&es Conditions A

and C1 in Bickel (1975) by Assumptions 3(iv) and 4(i).



In order to apply Bickel's lemma, we de&me

T
Mp(A)=T723 " Xp(e, T2 X(A)
t=1

where A is a K x 1 vector. A direct application of Bickells lemma yields the
following lemma.

Lemma 3: Suppose that Assumptions 1 and 3-5 hold. Then, for any L
> 0,

sup [[Mp(A) — Mr(0) + g4(0)QA[ = 0p(1)
l|A[<L
where ||A]| = (A'A)V2,
Proof of Lemma 3: Since the proof is almost identical to the ones in Bickel

(1975) and Ruppert and Carroll (1980), we just show the new derivation of
the limit of E [Mp(A) — My (0)].

B(Mr(A) = Mp(0)] = T2 X, {Elg(o,— T72X;0)] - Blu(w)]}
— T2 ETIXt {Gq(—Tfl/QX,;A) . Gq(())}

T
= —T') XiX{gy(ér)A
=1

where the last line is due to Assumption 5 and the mean value theorem.
Since & is between 0 and —T -1/ 2XIA, &5 converges to zero in probability.
Hence, we have that

T
T ZXtX;gq(gT)A — —g4(0)QA
t=1

since g4 is continuous at z = 0 by Assumption 5. QFED.

Lemma 3 can be derived from Lemma 4.1 in Bickel (1975) by replacing
E(Mr(A) — M7(0)) with its limit —gq(0)QA. The following lemma is an
extension of Lemma 3 which will be used for the asymptotic representation
of the 2SM(q) estimator.

Lemma 4: Suppose that Assumptions 1 and 3-5 hold. Then, for any L
> 0,

e 1M1 (A(8)) = Mp(0) + go(0)QA@)]| = 0p(1)

where A(8) = 816 4 82 and 61 and by are O,(1)— variables.



Proof of Lemma 4: The detailed proof can be found in Kim and Muller
(2001).
We combine Lemmas 3-4 and Assumption 2 to prove Proposition 1.
We dedae for ||6]| < L1, A1(8) = H(IT)§+Ag,where § € REHEL and Ag =
—(1 = Q)VT(7 — mp) + TY?(IT — Ty)y,. Since Ag = Op(1) by Assumption
2, Lemma 2 implies that

s A [|M7(A1(6)) — Mr(0) + go(0)QAL(H)]] = 0p(1) (5)

for any Ly > 0. Next, we defme A = T/2(& — ag). Then, one can show:

Mr(B1(B)) = 0p(1) (6)
because H (IT) My(A1(A)) = £(&). Indeed, H(TI) is bounded in probability
and L£(&) is 0p(1) by our dedaition of the 2SM estimator in in eq. 2.4 in the
text. Hence, one can show using Lemma 5.2 in Jureckova (1977) that the
results in (5) and (6) together imply that

A= Op(1). (7)
The &nal step in deriving the asymptotic distribution of the 2SM(q) esti-
mator & is to combine the results in eq. 2.4 in the text and (6) to obtain

94(0)QAL(A) = M7 (0) + 0p(1). (8)

By rearranging terms in (8), we have the asymptotic representation for the
2SM(q) estimator:

T
TV & —ag) = QZH(Mo){T™2Y " Xigy(0) ™ v(ve)
t=1

+(1 = q)QT*(7 — mo)
—QT"*(I1 —Thp)yo} + 0p(1). QED.

Proof of PropoAsition 2: The proof is similar to that of Proposition 1
with A (8) = H(I1)6 — (1 —q)T"/*(&t —mo — By) + T"/*(I1 — Il — B )7, and
A=T"2(& —ag— By). QED.

Proof of Proposition 3: Lemma 1 shows the asymptotic representations
for the &st step estimators T2 (T — Tlg)y,:

T
TV —Thg)ye = Q7' T2 3" X6, + 0p(1) 9)
t=1

where ¢, is dedaed in Assumption 6(ii). Substituting eq. 4.1 in the text and
(9) into the asymptotic representation for the 2SM(q) estimator in Proposi-
tion 1 and collecting terms gives TV/2(a—ag) = Q, L H (I1p)'T /2 Z;le X+



op(1), where 7, is dedmed in Assumption 6(ii). By applying the Liapounovls

central limit theorem to, we obtain 7~1/2 Zthl X A N(0,03Q~1) which
completes the proof. QFED.
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